This paper proposes a formula expression for the well-known Collatz conjecture (or 3x+1 problem), which can pinpoint all the growth points in the orbits of the Collatz map for any natural numbers.
Introduction
The Collatz conjecture (or 3x+1 problem) has been explored for more than 80 years [1] [7] [2] and verified to be true for all natural numbers up to 2 100000 − 1 [8] , but it still defied any formal proof [9] [10] . Currently, almost all rigorous results are asymptotic or probabilistic. For example, Lagarias and Weiss [6] proposed two stochastic models to mimic the dynamics of the Collatz series. Krasikov and Lagarias [5] derived bounds using difference inequalities for all sufficiently large x. Terras [11] showed that the minimal element Col min (x) of the Collatz orbit is less than x for almost all x. Korec [4] improved the results to Col min (x) < x θ for almost all x and any θ > log3/log4 ≈ 0.7924. Recently, Tao [10] showed Col min (x) < log log log log x for almost all x. This paper proposes a formula expression, which can pinpoint all the growth points in the orbits of the Collatz map for any natural numbers, so that the problem may be more tractable as an equation-solving process. We show that, under some constraints, these equations are easy to solve, which leads to the key results of this paper, as follows.
• A monotonic increasing Collatz sequence of any limited length with the same step size can be determined.
• A monotonic decreasing Collatz sequence of any limited length with the same step size can be determined.
• A class of Collatz orbits that share the orbit rhythm of any limited length can be determined.
Notations
Let denote the natural numbers by N := {0, 1, 2, · · · }, so that N +1 = {1, 2, · · · } are the positive integers. The Collatz problem, also known as the 3x+1 problem, generates a series < x 1 , f (x 1 ), f (f (x 1 )), · · · > for an arbitrary positive integer x 1 ∈ N + 1 by defining the Collatz operations as f (x) = 3x + 1 when x is odd and f (x) = x/2 when x is even. The Collatz conjecture asserts that this series always falls into a 4 → 2 → 1 cycle regardless of x 1 . For the purpose of convenience, we define the Collatz map, Col : N + 1 → N + 1 as follows.
Definition 1 (The Collatz map).
x n+1 = Col(x n ) = 3x n + 1 2 mn (1)
where n ∈ N + 1, x n+1 is always odd and m n ∈ N + 1 is the step size required to eliminate any possible even values for x n .
Note that we specify that Col combines two Collatz operations. One is to attempt f (x) = 3x + 1 firstly if x is odd, and then to attempt f (x) = x/2 if x is even. Thus, m n ≥ 1 always holds for x 1 > 1.
Then, for any positive integer, x 1 , its Collatz orbit is defined as a sequence,
Definition 2 (Growth point). x n is defined as a growth point, if Col(x n ) > x n holds.
Theorems
Lemma 1 (Sufficient and necessary condition). Every growth point is in a format of "4y + 3" where y is any natural number.
Proof. Any positive integer x n can be expressed as in one of four formats, "4y", "4y + 1", "4y + 2" and "4y + 3".
• "4y": 4y is even, so m n for Col(4y) is at least 2. Thus, Col(4y) ≤ y < 4y.
• "4y + 1": 4y + 1 is odd, so we get a series: 4y + 1 → 3(4y + 1) + 1 = 12y + 4 → 3y + 1. Thus, Col(4y + 1) = 3y + 1 < 4y + 1.
• "4y + 2": 4y + 2 is even, so we get a series: 4y + 2 → 2y + 1. Thus, Col(4y + 2) = 2y + 1 < 4y + 2.
• "4y + 3": 4y + 3 is odd, so we get a series: 4y + 3 → 3(4y + 3) + 1 = 12y + 10 → 6y + 5. Thus, Col(4y + 3) = 6y + 5 > 4y + 3.
According to (1) , for any integer n ≥ 2, we have
where Col 0 (x 1 ) . = x 1 , 2 m0 . = 1 and m j is the step size for x j . According to Lemma 1, x n is in a format of "4y + 3", if and only if x n is a growth point. So, we define an equation as follows.
Definition 3 (Formula expression).
By expanding x n according to (3), we rewrite (4) as follows.
By assuming m 1 = m 2 = · · · = m n−1 = m, we have
Theorem 4 (Monotonic increasing sequences with the same step size). Given any positive integer n, there always exists a natural number, x 1 , so that Col i+1 (x 1 ) > Col i (x 1 ) holds with the same step size for every i ∈ [0, n − 1]. Proof. By assuming the step size m 1 = m 2 = · · · = m n−1 = m = 1, from (8), we get
Let x 1 = K × 2 n+1 − 1, then y n = K × 3 n−1 − 1 is an integer for any positive integer K. Thus, every integer in the format of x 1 = K × 2 n+1 − 1 satisfies the requirements of the theorem.
Note that y n corresponds to a growth point. According to (9), for any x 1 = K × 2 n+1 − 1 where n > 1, we get a subsequence of the Collatz orbit from x 1 to x n+1 = Col(4y n + 3) = 6 × K × 3 n−1 − 1 with m 1 = m 2 = · · · = m n−1 = m = 1. Fig. 1 shows the digital results calculated by computer about monotonic increasing sequences with n = 7 and K = {1, 2, 3}, which also validates the theorem.
Theorem 5 (Monotonic decreasing sequences with the same step size). Given any positive integer n, there always exists a natural number, x 1 , so that Col i+1 (x 1 ) < Col i (x 1 ) holds with the same step size for every i ∈ [0, n − 1].
Proof. We can obtain a similar proof just like in Theorem 4, by assuming m 1 = m 2 = · · · = m n−1 = m n = m ≥ 2, though each sequence is decreasing from x 1 to x n+1 in this case.
If two Collatz orbits have the same sequence of step sizes, i.e., < m 1 , m 2 , ..., m n >, we say that these two orbits share the orbit rhythm of length n.
Theorem 6 (A class of sequences with the same orbit rhythm). Given any Collatz orbit with < m 1 , m 2 , ..., m n ≡ 1 >, there exists a class of orbits that share the same orbit rhythm of length n.
Proof. From (5), we have
We define x
Such a definition enables that y
n be an integer for any integer R. Thus, given any orbit x (1) 1 , the set of orbits starting with {x
1 + 2D(n), · · · } satisfies the requirements of the theorem.
Note that, in the above theorem, R = 0 is corresponding to the trivial case, in which x (2) 1 is equal to x (1) 1 exactly. Eqn. (11) can be utilized to look for orbits that share the same orbit rhythm. For example, given the orbit starting with x 1 = 9 having an orbit rhythm < m 1 = 2, m 2 = 1, m 3 = 1 >, we can get a class of such orbits starting with {9, 41, 73, 105, · · · } that share the same orbit rhythm, as D(3) = 4 × 2 2+1 = 32.
Discussions
The Collatz conjecture asserts that every Collatz series always falls into a 4 → 2 → 1 cycle regardless of x 1 . If not, there are two counterexamples [3] . One is that there possibly exist non-trivial cycles out of 4 → 2 → 1 and the other is that there possibly exists x 1 for which lim n→∞ Col n (x 1 ) = ∞ .
Non-trivial cycle
According to Lemma 1, every growth point is in a format "4y+3", so all growth points must fall into one of the integer solutions to Eqn. (4) . The hypothetical existence of a non-trivial cycle indeed implies that there should exist a positive integer k for which y n+k = y n holds, i.e., X(x 1 , n + k, m 1 , m 2 , · · · , m n+k−1 ) = X(x 1 , n, m 1 , m 2 , · · · , m n−1 )
Otherwise, non-trivial cycle should not exist, if only there is no integer solution to the above equation.
Divergent sequence
Likewise, the hypothetical existence of a divergent sequence for x 1 implies that there should exist infinitely many growth points as n is going to infinity. Since every growth point is corresponding to a value of {y n }, the hypothetical existence of a divergent sequence mandates infinitely many unique values of {y n }.
That is equivalent to saying, that, for any fixed value C(x 1 ) that depends on x 1 , there should exist an integer solution to Eqn.5 for n > C(x 1 ). Otherwise, divergent sequence should not exist under the assumption of without non-trivial cycles, if only there is no integer solution to Eqn.5 for n > C(x 1 ).
Conclusion
This paper presents a formula expression, which converts the Collatz conjecture to an equation-solving process. We show that, for any given integer number n, there always exists a natural number x 1 that starts a monotonic increasing or decreasing sequence of length n with the same step size, if only the corresponding equations have integer solutions. We also derive an equation that can be utilized to look for orbits that share the same orbit rhythm. Besides, solving these equations may provide hints for the possible existence of non-trivial cycles and divergent sequences. These issues need further efforts invested.
